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TRACKING MODEL OF AN ADAPTIVE LATTICE FILTER FOR A LINEAR CHIRP
SIGNAL IN NOISE

Kiv  Chen. James R
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ABSTRACT

This paper studies the behavior of the (PARCOR)
(PARnal CORrelation) coefficients of the stochasuc
eradient adaptive latce filter in response 0 a complen
linear chirp FM signal in white Gaussian noise A
single-stage model for the behavior of the coefficients
is developed. and the recovery error is dernved Also. an
accurate model for a two-stage filier 15 derinved

1. INTRODUCTION

The performance of adapuve filters for sinusoids in
white Gaussian no:se has been studied in {1}.{2] for the
LLMS FIR filter and {3] for the Latuice Filter The traching
characteristics for a complex chirp signal have been
ivestigated in [4].15).16].{7] for the LMS and RLS Fuiers
In this paper. we will study the behavior of the PARCOR
(PARtial CORrelation) coefficients and the recovery error
of the SG (Stochastic Gradient) Adapuive Latuce Filter in
response 10 a complex linear chirp signal in white Gaussian
noise. The expected values of the opumal PARCOR
coefficients and a first-order, single-stage analyuical model
of the expected values of the PARCOR coefficienis based on
the SG update 2algorithm are derived and compared with
simulations. It is noted that the optimal model contans onh
the chirp sinusoid component at iteration k. Howerer
simulation shows that both the chirp sinusoid component at
iteration k and at iteration 1 are ‘present This s the
“shadow™ effect observed in {8]. The single-stage analyucal
model will be used 1o explain how the update algonthm of
the SG Lattice retamns this "shadow™ component A simple
single~stage model of the recovery error, which measures
the ability of the filter to extract the signal from the input
will also be presented.

A derailed two-stage model is derived for the cases of
notseless and noisy input signals. It was shown in |3] tha
even though the RLS algorithm exhibits supenor
convergence characteristics over the LMS algonthm. us
tracking performance 15 in fact inferior to that of LMS This
15 because convergence and tracking are differens
phenomena. The results derived in this paper show that this
15 also the case for the SG Adapuve Laiuce Filter. where the
convergence and tracking rates are defined by independent
parameters. Furthermore, the analysis shows that the
PARCOR coefficients are reduced from their opumaialues
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when either the ¢hap c3te or the input none s increased
The secend stage PARCOR coelhiient s dorned sssumeng
that the first coeflcient has reached s steadhy state The
accuracy of the model 15 venihied by computer simplaton

2. THE STOCHASTIC GRADIENT LATTICE FILTER

The latnice fifter strycture o be considered 1s shownan
Figure 1 The lathice order recurnion equations are goen by
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Figure 1| Lamice Filter Struciyre
The value of Ki(¥} that mumimizes the mean tquared

forward prediction error Efef(hin)] 15 goen by

_Eles(k|n :})c} (k- tin - 1}

Efeifk - Vn- 1) (4
where we have assumed that Efle,(kim)}*] = El{entkim|’}
and that KL(k) = K} (k)

To evaluate (3}). we determine the forward and
backward pred.ction crrors of an n-tap transsersal fikier
This 15 based on the assumpnion that the expecied forward

and backward prediction errors of the latuce filier at stage &
are statstically equal 1o those of a k-step transver<al hilter

KA (k)

3. OPTIMAL PARCOR COLFFICIENT

The sienal model used here s that of a comple binear
chirp FMon white Gawisian noise The input <ignat (k) e
given by ”’73
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where w s the base trequencs W s the chirp rate @ 1y o
random phase that 15 assumed 0 be umiformly distributed
between -1 and w. Pas the signal power. and P, 1s the noise
pQ\\C{

The characteristics of the SO Lattice hlter can be
dernved by assumung that the backward and ferward
predhiction errors 3t Stage n are statistically equal to the
respective backward and forward prediction errors of an
n-s1age inear predictor The opumatl PARCOR coethwient
can be obtained by assuming that the backward and forward
errors have guained therr opumal values This can be shown
(Frgure 2) to be
¢
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The update algorithm of the SG lamuce aigorithm does
not permut the reflection coefficients to attam thewr pptimal
values for the non-stationary chirp FM signal Instead. the
“shadowing” effect 15 observed Simulauons with complex
FM signals reveal that the actual reflection coefhicients at
each iteranon contain two frequencies ~ the fundamental
frequency at the start of the sweep and the swept frequency
at that iteration. The next section will derive a first-order
approximation of the reflecuon coefficient charactensucs
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Figure 2 Transfer Function of the Expected Value of the
Opumal PARCOR Coefficients

4. SINGLE STAGE PARCOR COEFFICIENT

The reflection coefficient update equation 15 given by

Ko(k + D= |1 -Blen(k - 1in - DK, (k)
¢ Belin - Den(k - 1n - 1) (N
where 315 the forgetng factor (equivalent 1o u 1n the LMS
algorithm) For convenience. we shall drop the subscripis in
n and n-1 Taking expectanron on both sides. the iterated

solution of (7) 1s given by
X

EIK(+ D] = KIOOE[] (1 -Blents - DI
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Figure 3 Transfer Function of the Expected PARCOR
Coeflicients from Simulauon
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Figure 4 Transfer Funcuon of the Expected PARCOR
Coefhicients from Singie-Stage Modcel

5. SINGLE STAGE RECOVERY ERROR

The recovery error in this sHuation medsures the
amcunt of residual signal left 1n the forward error We shali
derive 3 simphistic single stage recovery error expression
here The recovers error 1 defined as

(k) = ey(kin) - n(k} (1
Defimng
Nolkir) = ei(hn - 11 - K2(Meath - Yn - 15 - ntky 1 h
we ¢an rearrange £10) as
n(kn) - golhing = = U (hen(k - Hna - 1) {10
where
Tolhd - Kah) - K(K)

We wish 10 determine the quanuty Efintking . (hina}
Following the methodology and assumpuons of {6] the

above quanuny can be found 10 be
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K[n) - o(hjm)f” e
Elfnikl 1 i! I3 ()n“) . (1{:\ i

ﬂP’x.o(n.l)

2o leo(n-1) (13

where

LIS ()(n -
6. T“O-STACE ANALYSIS (NOISELESS)

This sectior presents a two-stage analysss of the $G
latnce filter assuming that the input contains no norse The
next secuon wiil analyze the case with input noise For a
wo-stage model. the input signal 1s given by

- yie
ek|0) = en(k]0) = P, W T (14)
Leuing 3 = ¢¥ and b = ™. we get
ek - r)0)en(k-r~1j0) = Pb'a"Mig e (15)
The reflection coefficient update formula is given by
Ki(k e 1) = [1 - BRK() + Bedk|O)en(k - 1]0) (16)

Letq=1- BP. Then from (15). K,(k + 1) can be evaluated
10 be

ket x
Kik+1) =8Pba®a 122 =93
a -q (n

The plot of K, verses iteration number is shown in Figure 7.
The simulation and analytical model results are identical in
this case

From (17) we see that K, (k + 1) has a transient and
steady state component. The transient component is

dependent on 1 - BP,. This gives a convergence time
constant of

1
o= —

2, (18)
AP

When the chirp rate is zero. the term m approaches
unity. This gives K,(k + 1} its maximum magnitude. With
increasing chirp rate this term reduces K (k + 1) in the
L

manner shown in Figure 5, where a" - q is graphed as a
funcuon of chirp rate for different B's.

To derive the second reflection coefficient Ky(k + 1).
we shall approximate K,(k + 1) by its steady-state value

a (et

= BPb'a’ a““a — (9

K)(k* 1)

¢ Chirp Kate .
A,
Figure 5 Plot of 4 - g for udferem {3 ang chip rates

The forward and the backward predicnon ertory of the fase
stage are derived from the zeroth stage by the following
tterative equanons

er(kil) = e (kj0) - K (h)enik - 110}
enlkil) = eulk - 1{O) - K| e {(k[0} (20

V- Bledki)i = g, the
coefficient can be wrmcn 3%

Defining second  rellecuon

Kifk+ 1) = ﬁ} ek - ek - r - g,
0 13”

Using the iteration of (20). (21) can be evaluated 10 be

K;(kv]) = 1y b - by e g (22
where
T ked 2
= ARb 13 - 9, 3’ ) 2N
4 -Gy
=1 ﬁzpzbz az“»q}‘a’_q"‘a"' q“az
3a-q al-q, qe - q,

(24)
h_ﬂsalbz ah_ql‘x-id. qi-lakol‘q?ial
a-g a? g qa-q
_qa%-qjga | g™'a - qi'qa
9a-q q’-q

Examining |,-1, we see that the coavergence of
K;(k+1) is dependent both on q and q, The time constant
related to q 15 given by (18). The time constant related to q,
is given by

i

P{ 2cosW - 2q - 8P,
ﬂP,{l-" L ted ]

4 - lgcosW e

I =

(26)

Figure 6 shows a plot of K; versus iteration number Note
that the convergence rate of the second stage is slower than
thdt of the first The steady-state value of Ky(k+1) can be
derived to be
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3 -q (2 -g)
(27)
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Figure 6 Real Component of the Second PARCOR
Coefficient (K2)

7. FIRST STAGE ANALYSIS WITH NOISE

The general sterated solution for the first reflection
coefficient 15 given by

k-1
Ki(k + 1) = 8 edk~r|O)ep(k -~ 1]0)

=0 L
1 v-Bedik - s10)
s=] (28)
The noise terms in 1 - Beg(k - $]0) for s=1 to s=r-1 are
ndependent of each other and of
edk -r|0)ed (k - r~ I){ 1 - Bed(k —sIO)}. Thus
E{Ki(k + 1)] can be written as
k-1
EKk+ )] =85 E[e,(k-rw)eg (k-r-1]0)
r=o -1
{ 1-Bedk-cio}] [T{1-BE(est - st
=t (29)

Letting Gn = | 1 - BE[ed (k-s|0)f = 1-B(R + Pa). the
summation can be evaluated to be

A a'k+li q;a' 1 -8, + 2P,)
3'“Qn . “ﬂ(Ps"'Pn)

(30)
We see that the reflection coefficient depends upon the

ﬁP, l‘ﬂ(Ps + ZPn)

E[Kyk + 1)} = BRbA’

signal and noise by the factor -2 . and
a'-qn 1-8(F +PR)
the convergence constant is now given by
ro- 1
" BR Py (30

Figure 7 shows the plot of (30) superimposed on the

actual stmulation - The second reflection coefficient iteration

formula has also been derived. but shalt aot be presented

due 10 space considerations
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Figure 7 Real Component of the Fuarst PARCOR
Coefficient (K1) with noise

8. CONCLUSION

In this paper, we have studied the behavior of the
PARCOR coefficiems of the SG Latuce Filter for 3 complex
hinear chirp FM 1n white noise Independent terms which
define the tracking and convergence rates are derived
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